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Abstract. The interpolation of couples of separable Hilbert spaces with a function parame- 
ter is studied. The main properties of the classic interpolation are proved. Some appHcations 
to the interpolation of isotropic Hormander spaces over a closed manifold are given. 

1. Introduction 

In this paper we study the interpolation of couples of separable Hilbert spaces with a 
functional parameter. We generalize the classical theorems on interpolation with a power 
parameter of order 6 G (0, 1) to the maximal class of functions. 

As an application, we consider the interpolation of isotropic Hormander spaces over a closed 
manifold 

(1.1) i7^'-:=i7r-«-^ {i):={l + m"\ 

Here, s G M and is a functional parameter slowly varying at +oo in Karamata's sense. In 
particular, every standard function 

(^(t) = (logtr(loglogtr-..(log...logtr, {ri,r2,...,r„} cR, n G N, 

is admissible. This scale was introduced and investigated by the authors in [1, 2]. It contains 
the Sobolev scale {H^} = {H'^'^} and is attached to it by the number parameter s and being 
considerably finer. 

Spaces of form (1.1) arise naturally in different spectral problems: convergence of spectral 
expansions of self-adjoint elliptic operators almost everywhere, in the norm of the spaces Lp 
with p > 2 or C (see survey [3]); spectral asymptotics of general self-adjoint elliptic operators 
in a bounded domain, the Weyl formula, a sharp estimate of the remainder in it (see [4, 5]) 
and others. They may be expected to be useful in other "fine" questions. Due to their 
interpolation properties, the spaces H^''-'^ occupy a special position among the spaces of a 
generalized smoothness which are actively investigated and used today (see survey [6], recent 
articles [7, 8] and the bibliography given there). 

One of the main results of the article is a description of the refined scale by means of 
regularly varying functions of a positive elliptic pseudodifferential operator. 

The related questions were studied in [9, 10] and by the authors in [11-20]. 
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2. An INTERPOLATION WITH A FUNCTION PARAMETER 

2.1. A definition of the interpolation. 

Definition 2.1. An ordered couple [Xo,Xi] of complex Hilbert spaces Xq and Xi is called 
admissible if the spaces Xq, Xi are separable and the continuous imbedding Xi ^ Xq holds. 

Let an admissible couple X = [Xo,Xi] of Hilbert spaces be given. It is known [21, Ch. 1, 
Sec. 2.1], [22, Ch. IV, Sec. 9.1] that for this couple X there exists the isometric isomorphism 
J : Xi <-> Xq such that J is a self-adjoint positive operator on the space Xq with the domain 
Xi. The operator J is called a generating one for the couple X. This operator is imiquely 
determined by the couple X. Indeed, assume that Ji is also a generating operator for the 
couple X. Then the operators J and Ji are metrically equal, that is ||^m||xo = ll^llxi ~ 
\\Jiu\\xo for any u & Xi. Moreover, these operators are positive. Hence, they are equal. 

We denote by B the set of all functions ip : (0, +00) — > (0, +00) such that 

a) : is Borel measurable on the semiaxis (0, +00); 

b) : ip is bounded on each closed interval [a, b], where < a < 6 < +00; 

c) : l/ip is bounded on each set [r, +00), where r > 0. 

Let ip & B. Generally, the unbounded operator ip{J) is defined in the space Xq as a 
function of J. We denote by [Xo,Xi]^ or, simply, by X^ the domain of the operator ip{J), 
equipped with the inner product {u,v)x^ '■— {ip{J)u,ip{J)v)xo and the corresponding norm 

II II / \V2 

\\u\\x^ = {u,u)j^^. 

The space X^, is the Hilbert separable one and, moreover, the continuous dense imbedding 
X^ ^ Xq is fulfilled. Indeed, we have Spec J C [r, +00) and ip{t) > c fov t > r, where r, c are 
some positive numbers. Hence, Spec'0(^) C [c, +00), that implies the isometric isomorphism 
ip{J) : X^ ^ Xq. It follows that the space X^ is complete and separable as well as that 
the function || ■ \\x,^, is positive definite, so this is a norm. Next, since the operator ip'^i^J) is 
bounded in the space Xq, a bounded imbedding operator / = ip~^{J)ip{J) : X^ Xq exists. 
The imbedding X^ ^ Xq is dense because the domain of the operator ip{J) is a dense linear 
manifold in the space Xq. 

Further, it is useful to note the following. Let functions ip,ip & B he such that <^ x ^0 in a 
neighborhood of +00. Then, by the definition of the set B, we have x on Spec J. Hence, 
X^ = X^ up to equivalent norms. 

Definition 2.2. A function if: E B is called an interpolation parameter if the following 
condition is satisfied for all admissible couples X = [Xo,Xi], Y = [Yq.Yi] of Hilbert spaces 
and an arbitrary linear mapping T given on Xq: if the restriction of the mapping T to the 
space Xj is a bounded operator T : Xj ^ Yj for each j = 0, 1, then the restriction of the 
mapping T to the space X^ is also a bounded operator T : X^ — > Y^. 

Otherwise speaking, is an interpolation parameter if and only if the mapping X 1— > X^ is 
an interpolation functor given on the category of all admissible couples X of Hilbert spaces 
[23, Sec. 1.2.2], [24, Sec. 2.4]. In the case where ip is an interpolation parameter, we say that 
the space X^ is obtained by the interpolation with the function parameter ip of the admissible 
couple X. 
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Further we investigate the main properties of the mapping X i— > X^p. 
2.2. Imbeddings of spaces. 

Theorem 2.1. Let ip & B be an interpolation parameter and X — [Xo,Xi\ be an admissible 
couple of Hilbert spaces. Then the continuous dense imbeddings Xi ^ X^ ^ Xq hold. 

Proof. According to Subsection 2.1 it only remains to prove the continuous dense imbedding 
Xi ^ X^. Consider two bounded imbedding operators I : Xi ^ Xq and I : Xi ^ Xi. Since 
ip is an interpolation parameter, these operators imply the bounded imbedding operator 
I : Xi ^ X^. Thus, the continuous imbedding Xi ^ X^ is valid. We will prove that it is 
dense. For an arbitrary u £ X^, we have v :— (1 + ^^(J))^/^ u e Xq. Since Xi is dense in Xq, 
the sequence (vk) C Xi such that t'fc ^ in as A; ^ oo exists. From this and from (1.1) 
it follows that 

Uk :— {1 + i/j'^{J))~^^'^ Vk ^ u B X^p for k ^ oo. 
It remains to note that 

uk^{l + tlj\J))-'/^J-'Jvk = J-\i + 'il^\J))-^'''Jvh e Xi. 

Theorem 2.1 is proved. □ 

Theorem 2.2. Let functions i/j,x ^ B be such that the function ip/x is bounded in a neigh- 
borhood of +00. Then, for each admissible couple X — [Xq,Xi\ of Hilbert spaces, the con- 
tinuous and dense imbedding X^ ^ X^p holds. If the imbedding Xi ^ Xq is compact and 
'ijj(t)/x(t) as t ^ +00, then the imbedding Xy, ^ X^ is also compact. 

Proof. Let J be a genarating operator for the couple X. Let us note that Spec J C [r, +oo) 
for some number r > 0. According to the condition of the theorem, we have ijj{t)/x{t) < c 
for t > r. Therefore 

X^ = Domx(J) C DomV'(J) = X^, ||'0( J) u\\xo < c \\xiJ) u\\xo- 

From this formulae and from the definition of the spaces X^, X^ we obtain the continuous 
imbedding X^ ^ X^. Let us prove its density. 

We consider the isometric isomorphisms ip{J) : X^ Xq and xiJ) '■ ^ -^o- 
given u G X^, we have ■ip{J)u G Xq. Since the space X^ is densely embedded into Xq, a 
sequence (ufc) C X^ such that Vk ipiJ) m in as A; — > oo exists. Hence, ip~^{J) Vk ^ u in 
X^ as /c — > oo, where 

J) Vk = ^-\J) x-\J) x{J) Vk = x-\J) ^-\J) x{J) Vk e x^. 

Thus, we have proved the density of the embedding X^ -—^ X^. 

Now let us assume that the imbedding Xi ^ Xq is compact and ip{t)/x{t) ast ^ +oo. 
We will prove the compactness of the embedding X^ ^ X^. Let {uk) be an arbitrary bounded 
sequence belonging to X^. Since the sequence of elements Wk := J^^x{.J)vk is bounded in 
Xi, we can select a subsequence of elements Wk^ = x{J)vikn being the Cauchy sequence 
in Xq. We show that (wfcn) is the Cauchy sequence in X^. 



4 V. A. MIKHAILETS, A. A. MURACH 

Let Et,t > r,he a resolution of the unity in Xq, corresponding to the self-adjoint operator J. 
We can write 

/+00 

Let us choose an arbitrary number £ > 0. There is a number p = p{e) > r such that 
'4'i't) /xi't) < (2co)^"'^£ for t> p and Cq := sup { : k G N] < oo. 

Hence, for all indices n, m we have 

r+oo r+oo 

/ ^^{t)x~''{t)t''d\\Et{wk„-WkJ\\jc, < (2co)-'£' / tUWEtiwk^-Wk^ 
J p J p 

(2.2) < {2co)-''e''\\J{wk^-WkJfx, = {^c^y e'' \\wu^ - w^Sx, < 

In addition, by the inequality ip{t)/xit) < dor t >r, we can write the following: 



\xo 



r '4^\t) x-\t) e d \\Et{wk^ - WkJ\\\^ < c^p" f d \\E^{wk^ - Wk„ 

J r J T 



(2.3) < c^p^ - Wfc„J|x„ as n,m ^ oo. 

Now formulae (2.1) — (2.3) imply the inequality \\uk^ — Uk,J\x^. < 2e for sufficiently large 
n, m. Therefore {uk„) is the Cauchy sequence in the space which means the compactness 
of the imbedding X^. ^ X^. Theorem 2.2 is proved. □ 

2.3. Reiteration. 

Theorem 2.3. Let functions f,g,ilj G B be given. Suppose that the function f/g is bounded 
in a neighborhood of +oo. Then [Xf,Xg]^ = X^ holds with the equality of norms for each 
admissible couple X of Hilbert spaces. Here the function u E B is given by the formula 
u!{t) :— f{t)ip{g{t)/f{t)) fort > 0. If f,g,ip are interpolation parameters, so is lo. 

Proof. Since the function f/g is bounded in a neighborhood of +00, the couple [Xf,Xg] is 
admissible by Theorem 2.2 and, in addition, cu & B. So, the spaces [Xf,Xg\^ and X^ are well 
defined. We will prove them to be equal. 

Let an operator J be generating for the couple X = [Xo,Xi], where Spec J C [r, +00) for 
some number r > 0. We have three isometric isomorphisms 

/(J) : Xf ^ Xo, g{J) : X, ^ Xq, B := f-\j) g{J) : X, ^ X;. 

Let us consider 5 as a closed operator in the space Xj, defined on Xg. The operator B 
is generating for the couple [Xy,Xg] because B is positive and self-adjoint on Xf. The 
positiveness of B follows from the condition f{t)/g{t) < c ioi t >r which implies 

{Bu, u)x, = {g{J) u, f{J) u)xo > if (J) u, f{J) u)xo = \\u\\l^. 

The self-adjointness follows from the fact that is a regular point for the operator B. 
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Using the spectral theorem, we reduce the self-adjoint on Xq operator J to the form of 
multiplication by a function: J = I^^{a ■ I). Here, / : Xq ^ L2{U,djj,) is an isometric 
isomorphism, {U, n) is a space with a finite measure, a : U ^ [r, +00) is a measurable 
function. The isometric isomorphism If (J) '■ Xf <-> L2{U, d/i) reduces the self-adjoint on Xf 
operator B to the form of multiplication by the function {g/ f) o a: 

If (J) Bu^ Ig{J) u^{goa)Iu^{goa) If-\j)f{J) u = {{g/f) o a) If (J) u, u e Xg. 

Therefore, for an arbitrary u G X^^, we have 

U{B)u\\xj = \\{'^o{g/f)oa) ■ (//(J)M)||L2(t/,dM) = \\{ujoa)- (/u) [^^(c/,^^) = ||cj(J) u||xo- 

Note that the function //a; is bounded in a neighborhood of -|-oo. Hence, X^ -—^ Xf and the 
expression f{J)u is well defined. Thus, the equality [Xf^X^^p — X,^ is proved. 

We now assume that f.g.tb are interpolation parameters. We show that u is also an 
interpolation parameter. Let arbitrary admissible couples X = [Xo.Xi], Y = [Yq.Yi] and a 
linear mapping T be the same as those in Definition 2.2. We have the bounded operators 
T : Xf — > Yf and T : Xg ^ Yg which imply the boundedness of the operator T : [Xf, Xg]^ 
[Yf,Yg]^. We have already proved that [Xf,Xg]^ = X^^ and [Yy,!^]^ = 1^. So, a bounded 
operator T : X^^ 1^ exists. It means that uj is an interpolation parameter. Theorem 2.3 is 
proved. □ 

2.4. The interpolation of dual spaces. Let -ff be a Hilbert space. We denote by H' the 
space dual to H . Thus, H' is the Banach space of all linear continuous functionals I : H ^ 
By the Riesz theorem, the mapping S : v ^ { ■,v)h, where v E H, establishes the antilinear 
isometric isomorphism S : H H'. This implies that H' is the Hilbert space with respect to 
the inner product {l,m)H' '■= {S~^l, S'^mjH- We emphasize that we do not identify H' as H 
by means of the isomorphism S. 

Theorem 2.4. Let ip E B be such that the function ip{t)lt is bounded in a neighborhood 
of +00. Then, for each admissible couple [Xq.Xi] of Hilbert spaces, the equality of spaces 
[X[,Xq]^ = [Xq,Xi]'^ with the equality of norms holds. Here the function x ^ B is given by 
the formula x(t) := t/ilj{t) for t > 0. If ijj is an interpolation parameter, so is X- 

Proof. Note that the couple [X(,Xq] is admissible, provided that we naturally identify func- 
tionals from Xq as their restrictions to the space Xi. From the condition of the theorem it 
follows that ip eB. Thus, the spaces [X(,Xo]^ and [Xo,Xi]^ are well defined. Let us prove 
these spaces to be equal. 

Let J : Xi be a generating operator for the couple [Xo,Xi]. Let us consider the 

isometric isomorphisms Sj : Xj Xj, j = 0, 1, which appear in the Riesz theorem. The 
operator J', being adjoint to J, satisfies the equality J' — SiJ~^Sq^. This results from the 
following: 

(J'l)u = l(Ju) = (Ju, SoH)xo = (u, J-^SqH)x, = (SiJ-'^SqH)u for each I E X'^, u E X^. 
Thus, the isometric isomorphism 

(2.4) J' = S^J-^Sq^ : X'q^X[ 

exists. 
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Let US note that the equalities 

{u, JSrH)xo = {J-\ SrH)x, = l{J-\), (u, J-'SoH)x, = {J-'u, S^H)x, = l{J-'u), 

where I & ^ X[, u & Xq, imply the property 

(2.5) JS^H = J-^S^H e Xi for each I e X'q. 

Let us consider J' as a closed operator in the space X[ with the domain Xq. The operator 
J' is generating for the couple [X(,Xq] because J' is positive and self-adjoint on X[. The 
positiveness of J' results from the positiveness of the operator J on the space Xq and from 

(2.5) in the following way: 

{J'l,l)x[ = {SiJ~^Sq^I,1)x[ = {J^^Sq^I, Si^l)xi = {JJ^^Sq^I, JSi^l)xo 
= {JJS^H, JS^H)x, > c \\JS^H\\%^ = c \\S^H\\l^ = c 

Here the number c > does not depend on / G Xg. The operator J' is self-adjoint because 
is its regular point (see (2.4)). Let us reduce the operator J to the form of multiplication 
by a function: J = I''^(a • I) as it has been done in the proof of Theorem 2.3. The isometric 
isomorphism 

(2.6) IJS^^ : X[ ^ L2(U, d/i) 

reduces the operator J' to the form of multiplication by the same function a: 

{IJS^^)J'l = ISq^I = IJT'^SqH = a ■ IJ-^SqH = a ■ IJS^H for each I e X'^. 

The last equality follows from (2.5). 

By Theorem 2.2, two continuous dense imbeddings Xq ^ [X(,Xq]^ and [Xo,Xi]^ ^ Xq 
hold. The second imbedding implies the continuous dense imbedding Xq ^ [Xo,Xi]'^. Let 
us show that the norms in the spaces [X(,Xq]^ and [Xo,Xi]^ are equal on the dense subset 
Xq. For each / e Xq, m G [Xq,Xi]^, we can write 

/(u) = (u,5q-1/)x„ = {x{J)u,x-\J)S,H)xo = {v,X-\J)SoH)xo 
with V := x(J)m G Xq. It implies the following: 

IK||[Xo,Xi]^ = SUp{ |/(m)| / \\u\\lx„,X^]^ ■■ U G [Xo,Xi]^, Uy^O} 

= sup{ \ {v,x~\J)SqH)xo \ / \\v\\xo ■ V e Xo, V 0} 
= \\x~\J)So^l\\xo = \\Ix'\J)So^l\\L2{u,dp) = \\{x~^ oa) ■ ISoH\\L2{u,dn)■ 
On the other hand, using isomorphisms (2.6), (2.4), we have 

\\i\\[xi,xi,u = mmxi = \\x-\j')mxi = wjs^')x-\jv'i\\w,) 

Thus, norms in the spaces [X[, Xq]^ and [Xq, Xi]^ are equal on the dense subset Xq. So, 
these spaces coincide. 

Now suppose ■0 to be an interpolation parameter. We will show that so is X- Let admissible 
couples X = [Xq, Xi], Y = [Yq, Yi] and a linear mapping T be the same as those in Definition 
2.2. Passing to the adjoint operator T', we get the bounded operators T' -.Y- ^ Xj, j = 0, 1. 
Since ip is an interpolation parameter, a bounded operator T' : [F/,Fq']^ — [X(,Xq]^ exists. 
As we have already proved, [X(,Xq]^ = [Xo,Xi]^ and [Y/, = [^O; ^i]^ with equalities 
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of norms. Therefore a bounded operator T' : [lo,^i]^^ [-^o?-^i]x exists. Thus, passing to 
the second adjoint operator T", we get the bounded operator T" : [Xo,Xi]" [^0,^1]^- It 
remains to identify the second dual spaces with original spaces which leads us to the bounded 
operator T : [Xq, ^i]x ~^ \Xo-i ^i]x- This means that x is an interpolation parameter. Theorem 
2.4 is proved. □ 

2.5. The ihterpolation of direct products of spaces. 

Theorem 2.5. Let a finite or countable set of admissible couples of Hilbert spaces := 
[Xf k e CO, be given. Suppose that the set of norms of the imbedding operators 

G 00, is bounded. Then, for an arbitrary function ijj E B, the equality of 

spaces 

and the equality of norms in them hold. 

Proof. We assume that = N (the case of finite set u is treated analogously and easier) . The 

spaces Xq := Jlfcli^o''^ ^1 '■— Ilfcli^i'^'' Hilbert and separable ones. The continuous 
imbedding Xi ^ Xq is evident due to the condition of the theorem. Let u :— {ui,U2, . . .) G 
Xq. For all indices n, k an element v^^k £ -'^i'^^ such that ^u^ — <l/n exists. Let us 

form a sequence of vectors v^'^^ :— (t'n,!, . . . , Vn^ni 0, 0, . . .) E Xi. We have 

?i 00 00 

h-'^^'^^fxo = ^\\'^k-Vn,k\\'xa+ ll^'^ll^o ^ + XI ll^fcllxo^O as 71 ^ OO. 

fc=l k=n+l fc=n+l 

Thus, the couple X := [Xo,Xi] is admissible. 

Denote by a generating operator for the couple X^''\ An operator J := (Ji, J2, . . .) is 
generating for the couple X which may be proved directly. Moreover, it is natural to expect 
that ij^(J) — {ip{Ji),'ijj(J2), ■ ■ ■) and Dom'0(J) = YYk=i-^t^^- prove these equalities. 

Let us reduce the operator to the form of multiplication by a function: IkJk = otk • Ik- Here 
Ik : x'^^ <-> L2{Vk,dnk) is an isometric isomorphism, 14 is a space with a finite measure fik 
and ak : Vk —>■ (0, +00) is a measurable function. We may consider the sets Vk to be mutually 
disjoint. Let us set V := Ufcli ^k- We call fl CV a measurable set if, for every index k, the 
set n Vfe is //fe-measurable. On the a-algebra of all measurable sets Q C. V, we introduce 
the cr-finite measure := J2T=il^k{^ H Vk). Further, for a vector u := 77,2, • • •) G 

Xq, we consider the measurable functions lu and a, defined on the set V by the formulae 
(/m)(A) := (/fcMfc)(A) and a{X) := Q;fc(A) with A G Vk. Now we have the isometric isomorphism 
I : Xq L2{V,dii). It reduces the operator J to the form of multiplication by the function 
a because 

{IJu){X) = {IkJkUk){X) = ak{X){IkUk){X) = a{X){Iu){X) for u E X,, X E Vk. 
Hence, we can write down the following: 

X^ = DomV'( J) = {u e Xo : {ijj o a) ■ {lu) G L2{V, dn) } 
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fe=i 

OD OO 

{u: tife e DomV'(Jfc), ^ \\'ip{Jk)uh\\^^(k) < 00} = JJX 



(k) 



k=l k=l 

Furthermore, for each u £ Dom'0(J), we have 

{mj)u){X) = V(«(A)) {Iu){X) = iP{ak{X)) {IkUk){X) 

= (4^(JfeK)(A) = (/(^(Ji)Mi,^(J2)w2,...))(A) for AeVfc. 
Therefore ip{J)u = {ip{Ji)ui,ip{J2)u2, ■ ■ ■) which implies 

00 00 

Mx^ = Wi'iJMxo = Yl W^WukWlik) = hkWxw- 

tb 

k=l k=l 

Theorem 2.5 is proved. □ 
2.6. An operator norm in interpolation spaces. 

Theorem 2.6. For given interpolation parameter ip E B and number m > 0, there exists a 
number c — c{ip, m) > such that 

ll^lU^^y^ < cmax{ ||T||x,^y, : j = 0, 1 }. 

Here X = [Xo,Xi] and Y = [Yo,Yi] are admissible couples of Hilbert spaces for which the 
norms of the imbedding operators Xi ^ Xq and Yi ^ Yq do not exceed the number m, 
and T is any linear mapping defined on the space Xq and establishing the bounded operators 
T :Xj^ Yj with j = 0, 1. 

Proof. Let us suppose the contrary. Then we can write: 

(2.7) kruk for each index k. 

Here, X^*^) := [X^'^^xf^] and Y^'''> := [Yfj''\Yl''^] are some admissible couples of Hilbert 
spaces for which the norms of the imbedding operators x[''^ Xq*^-* and f/''^ ^ Fq^^ do 
not exceed the number m. Furthermore, is a certain linear mapping defined on the space 
Xq'^^ and establishing the bounded operators Tj. : xj'^^ — > Yj'^'' with j — 0, 1. We also use the 
notation 



ruk :— max | ||7fe||^(fc)_^y.w, ||2fc||j5f(A:)_^y^(fc) | > 0. 
Now let us consider the bounded operators 



00 



(2.8) T:u = {uuU2,...)^{mi'T,m,m^'T2U2,...), T : n^f^II^f^' •^' = 0' 

k=l k=l 

Their boundedness results from the following inequalities: 



00 00 

k=l ^ k = l 3 3 3 3 
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Since i]j is an interpolation parameter, the boundedness of operators (2.8) implies the existence 
of the bounded operator 



T 



k=l k=l 



. k=l k=l 

which by Theorem 2.5 means the boundedness of the operator 

oo oo 
k=l k=l 

Let Co be the norm of the last operator. For every index k we consider a vector u^''^ :— 
(ui, . . . , Uk, ■ ■ .) such that Uk G X^'' and Uj — for j ^ k. We have: 

||7fe^ijt||yW = ruk \\Tu^''^\\„^ u) < mkCo u) = mfeCo ||tife|L(fc) 

?/) L ij=l ijj \.\.j=l -(p 

for each Uk € Hence, 

— ^o"^'^ for every index k, 

contrary to inequality (2.7). Thus, our supposition is false and the theorem is true. □ 

2.7. A criterion for a function to be an interpolation parameter. Using Peetre's 
results [25], [24, Sec. 5.4], we prove the following criterion. 

Definition 2.3. Let a function ip : (0, +oo) (0, +oo) and a number r > be given. The 
function ip is called quasiconcave (or pseudoconcave) on the semiaxis (r, +oo) if a concave 
function ipi : (r, +oo) — ^ (0, +oo) such that ip{t) x ipi{t) for t > r exists. The function 
is called quasiconcave in a neighborhood of +oo if it is quasiconcave on a certain semiaxis 
(r, +oo), where r is a sufficiently large number. 

Theorem 2.7. A function ijj E B is an interpolation parameter if and only if it is quasiconcave 
in a neighborhood 0/+00. 

To prove this theorem we need two lemmas. 

Lemma 2.1. Let a function ip belong to the set B and be quasiconcave in a neighborhood 
of +00. Then there exists a concave function ipQ : (0, +00) — > (0, +00) such that for every 
number e > it holds ip{t) x ipo{t) with t > e. 

Proof. It is evident. □ 

Lemma 2.2. Let a function ip G B and a number r > be given. The function ip is 
quasiconcave on the semiaxis (r, +00) if and only if there exists a number c > such that 

ip{t) /ip{s) < c ma.x{l, t/ s} for each t,s>r. 

Proof. In the case where r = this lemma was proved by J. Peetre [25], [24, Lemma 5.4.3] 
(the condition tp & B being superfluous). In the case where r > the sufficiency can be 
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proved analogously. The necessity is be reduced to the case r = with the help of Lemma 
2.1. Indeed, let us put e = r in this lemma. Then we have a function ipQ such that 

X '0o(^)/'0o(s) < comax{l, i/s} for each t,s>r. 

(In fact, Cq — 1 for a concave function x/jq [25]). Lemma 2.2 is proved. □ 

Proof of theorem 2.7. Sufficiency. Let us suppose that a function ijj & B is quasiconcave in a 
neighborhood of +oo. We need to prove that is an interpolation parameter. 

Let admissible couples X = [Xq.Xi], Y = [Yq,Yi] and a linear mapping T be the same 
as those in Definition 2.2. In addition, let operators Jx '■ Xi ^ Xq and Jy : Fi Iq be 
generating ones for the couples X and Y respectively. Using the spectral theorem we reduce 
these operators, self-adjoint in Xq and in Yq respectively, to the form of multiplication by a 
function: 

(2.9) Jx^IxHo^-Ix) and Jy ^ ly^ {(5 ■ h). 

Here, Ix '■ Xq -ir^ L2{U, d/i) and /y : Yq <-> L2{V, dv) are certain isometric isomorphisms, ([/, /x) 
and iy, u) are spaces with finite measures and « : f/ — (0, +oo) and /9 : V — > (0, +oo) are 
some measurable functions. Since the operators T : — > Fq and T : Xi — > Fi are bounded, 
so are the operators 

(2.10) WTI^^ : L2{U,dii) ^ L2iV,diy), 

(2.11) Iy Jy T J^^ : L2{U, d/i) L2(V, dv). 
By virtue of (2.9), we can write 

Iy Jy T J^^ I^^ = {(3 ■ h) T {a'^ ■ I^^). 
Hence (2.11) implies the boundedness of the operator 

(2.12) IyT Ix^ = (3-^ ■ {Iy JyT J^^ I^^) ■ a : L2{U, a^dfi) ^ L2{V, P'^du). 

Let a concave function ipo : (0, +oo) (0, +oo) be the same as that in Lemma 2.1. Note 
that ipQ E B and (see Subsection 2.1) 

(2.13) X^ = X^Q, Y^ = with equivalence of norms. 

J. Peetre [25], [24, Theorem 5.4.4] proved that a positive function is quasiconcave on (0, +00) if 
and only if it is an interpolation function in the sense of the definition stated in [24, Definition 
5.4.2]. Hence, for the function ipQ, the boundedness of operators (2.10), (2.12) implies the 
existence of a bounded operator 

(2.14) IyTIx^ : L2(U, (V'o o a^) d/i) ^ L2{V, (V'o o /3') du). 

Let us pass from (2.14) to the operator T : X^^ — > Y^^ with the help of the isometric 
isomorphisms iPq{Jx) '■ ^ ^0 and '^Jq{Jy) '■ ^0 ^ ^o- We reduce these isomorphisms 
(which are self-adjoint operators on Xq and Fq respectively) to the form of the multiplication 
by a function: 

Ix ipo{Jx) = (^0 oa) ■ Ix ■■ ^ L2{U, djj), 
Iy MJy) = (^0 o /5) • /y : Y^, ^ L2{V, dv). 
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We get the isometric isomorphisms 

Ix = {i^o^ o a) ■ (Ix MJx)) ■■ X^o ^ (V'^ o a) d/i), 

ly = (^-1 oP).{Iy MJy)) ■■ Y,,, ^ L2{V, iij' o (3) dv). 
From this and (2.14) the existence of the bounded operator 

T^I-\IyTI^^)Ix: X^,^Y^, 

follows. 

Thus, due to equations (2.13) we have 

(T : X, ^ F„ 3 = 0, 1) ^ (T : ^ F^J ^ (T : ^ F^), 

where the linear operators are bounded. So, by Definition 2.2 the function ip is an interpolation 
parameter. Sufficiency is proved. 

Necessity. Now we suppose that a function G B is an interpolation parameter. We need 
to prove that is quasiconcave in a neighborhood of +oo. The proof is similar to [25], [24, 
Sec. 5.4]. 

Let us consider the space L2{U,dii) with U = {0, 1}, //-({O}) = /^({l}) = 1 and define on 
it the linear mapping T by the formula (Tit)(0) := 0, {Tu){l) :— w(0), where u G L2{U, djj). 
Choose arbitrary numbers s,t > \ and put uj{Q) := s^, uj{l) :— t^. We have the admissible 
couple X :— [L2{U,dii), L2{U,u! d/i)] and bounded operators 

T : L2{U, dn) L2{U, d/j,) and T : L2(C/, ou d^) L2{U, u d^) 

with norms 1 and t/ s respectively. From this, since ■0 is an interpolation parameter, it follows 
that a bounded operator T : X^ —>■ X^ exists. By Theorem 2.6 with Y — X and m = 1 we 
conclude that the norm of this operator satisfies the inequality 

(2.15) \\T\\x^-^x^ < cmax{l,Vs}- 

Here, the number c > does not depend on s > 1. 

It is not difficult to calculate the norm in the space X^. Indeed, the operator J of multipli- 
cation by the function cu^/^ is generating for the couple X. Hence, since ip{J) is the operator 
of multiplication by the function ip o o;^/^, we can write 

lhlli, = ll(V'°^'/')^llL(,.,.,)=V''(«)Ko)^+V''(^)Kl)l^ \\Tu\\j,^^^'{t)\um'. 

It follows that 

(2-16) \\T\\x,-.x,^m/i^is)- 

Now relations (2.15), (2.16) imply the inequality 

ip{t) < c max{l,t/s}ip{s) for each t,s>l. 

According to Theorem 2.2, the last statement is equivalent to the quasiconcavity of the 
function ip on the semiaxis (l,-|-oo). Necessity is proved. □ 
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3. A REFINED SCALE OF SPACES 



3.1. Quasiregularly varying functions. We recall the following: 

Definition 3.1. A positive function ^l) defined on a semiaxis [6, +oo) is called a function 
regularly varying at +oo with the index ^ e R if is Borel measurable on [6o, +oo) for some 
number bo > b and 



A function regularly varying at +oo with the index ^ = is called a function slowly varying 
at +00. 

The theory of regularly varying functions was founded by J. Karamata in the 1930s. These 
functions are closely related to the power functions and have numerous applications, mainly 
due to their special role in Tauberian-type theorems [26, 27, 28, 29]. A standard example of 
functions regularly varying at +oo with the index 6 is 



where ri,r2, . . . ,rk G M. In the case where 6 = these functions form the logarithmic 
multiscale which has a number of applications in the theory of function spaces. 

Definition 3.2. A positive function ip defined on a semiaxis [b, +oo) is called a function 
quasiregularly varying at +oo with the index G M if there exist a number bi > b and 
a function V'l : [&i,+oo) (0, +oo) regularly varying at +oo with the index 9 such that 
%lj{t) X ipiif) with t >bi. A function quasiregularly varying at +oo with the index ^ = is 
called a function quasislowly varying at +oo. 

We denote by QSV the set of all functions quasislowly varying at +oo. It is evident that 
ip is a function quasiregularly varying at +oo with the index 9 if and only if ip{t) = t^(p{t), 
t 3> 1, for some function if G QSV. From the known [26, Theorem 1.2] integral representation 
of a slowly varying function it immediately results the following description of the set QSV. 

Theorem 3.1. Let ip e QSV. Then 



for some number r > 0, a continuous function a : [r, +oo) IR approaching zero at +oo and 
a bounded function (5 : [r, +oo) — >■ M. The converse statement is also true: every function of 
form (3.1) belongs to the set QSV. 

Following interpolation property of quasiregular varying functions will play a decisive role 
in further. 

Theorem 3.2. Let a function ijj ^ B be quasiregularly varying at +oo with the index 9 G (0, 1). 
Then i/j is an interpolation parameter. 

Proof. We can write ip{t) = t^ip{t) for t > with ip G QSV. According to Theorem 3.1, the 
function (p can be represented in form (3.1). Let us set e := min{^, 1 — 9} > and choose a 



t— + +0O 



lim ip{Xt)/ip{t) = for each A > 0. 



^(t) = r (In ty^ (In In t)'^ ... (In ... In tf^ for t > 1, 



(3.1) 
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= exp(^/3(0-/3(s)+^ 



J dr j < cexp 











= cmeix{{t/sy,{s/tY} . 



number > r such that \oi{t)\ < e ior t > r^. For each t,s > r^, we have by virtue of (3.1) 
the following: 

Cfit) 

Here the number c > does not depend on t and s because the function /3 is bounded. From 
this and from the inequality < 6' ± e < 1 it follows that 

iP{t)/ilj{s) = (tVW)/(sV(s)) < cmax{{t/sy+',{t/sy-'} < cmax{l,t/s}. 

Hence, by Theorem 2.2 the function ip & B is quasiconcave in a neighborhood of +oo. Accord- 
ing to Theorem 2.7, this is equivalent to the statement that ip is an interpolation parameter. 
Theorem 3.2 is proved. □ 

We need the following properties of the set QSV. 

Theorem 3.3. Let v', x ^ QSV. The following assertions are true. 

(i) There is a positive function ipi G C°°((0; +cxd)) regularly varying at +oo such that 
(f{t) X (fi{t) with t ^ 1. 

(ii) For each 9 > 0, the limits t''^ip{t) — >• and t^ip{t) +oo as t ^ +oo hold. 

(iii) The functions (p + x> VX; v/x o.^'d > where o" G M, belong to the set QSV. 

(iv) Let 6 > and in the case where 6 = suppose that (p{t) — >■ oo as t ^ +oo. Then the 
composite function x{t'^'p(t)) of the argument t belongs to the set QSV. 

Proof. For regularly varying functions ip,x these assertions are known [26, Sec. 1.5] (even 
with the strong equivalence being in assertion (i)). This implies immediately assertions (i), 
(ii), (iii) for the functions (p,X^ QSV. 

It remains to prove assertion (iv). Let A > 0. Since 99 G QSV, the functions ip{\i)/ip{f) and 
ip{t)/ip{\t) are bounded in a neighborhood of +00. Therefore applying the theorem [26, Sec. 
1.2] on uniform convergence to a positive slowly varying function Xi such that Xi(t) x x(t) 
with T ^ 1, we can write 

XI ((At) V(At)) /xi (tV(t)) = XI (^^y^ ^V(t)) /xi (tV(t)) - 1 as t ^ +00. 

Here we use the limit t^(p{t) — > 00 as i — > +00. Hence, the function Xi{'t^^{t)) is slowly 
varying at +00. In addition, xii^^if)) ^ Xi{t^v{t)) with i ^ 1. Thus, the function x(^^<y^(^)) 
belongs to the set QSV. Assertion (iv) is proved. □ 

3.2. A refined scale over the EucHdean space. Let n G N. As usual, denotes the 
n-dimensional Euclidean space and 5'(]R") denotes the linear topological Schwartz space of 
tempered distributions on W^. We use also the following notations: {^) = + + +^^)^/^ 
denotes the smoothed modulus of a vector ^ = (^1, . . . , ^„) G and u denotes the Fourier 
transform of the distribution u G »S'(R"). We write an integral taken on the space R" without 
limits. 

Let Ai denote the set of all functions : [I; +00) —>■ (0; +00) such that 
a: ip is Borel measurable on the set [1; +00); 

b: functions (p and l/(p are bounded on every closed interval [1;&], where 1 < 6 < +00; 
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c: ipe QSV. 

Let s e R, </? e M. 

Definition 3.3. We denote by i/*'^(M") the space of all distributions u G S'iW) such that 
the Fourier transform is a function locally Lebesgue integrable on M" which satisfies the 
inequality 

/(ov((o)Korrf^<oo. 

The inner product in the space H*''^(M") is defined by the formula 

and generates the norm in the usual way. 

The space i/*'''^(]R") is a special isotropic Hilbert case of the spaces introduced by 
L. Hormander [30, Sec. 2.2], [31, Sec. 10.1] and L. R. Volevich, B. P. Paneah [32, Sec. 
2], [33, Sec. 1.4.2]. Note that this space is actually defined with the help of the function 
ips{t) — t^fit) regularly varying at +oo with the index s. However it is more convenient for 
us to represent the parameter as the couple of two parameters s and ip. 

In the particular case where p ^ 1 the space H'^''^{R"') coincides with the Sobolev space 
if*(M"). In general, the following inclusions are true: 

(3.2) IJ H'+%W) =: H'+{W) C H^'^iW) C H'-{W) := p| H'-%W). 

£>0 £>0 

They result from assertion (ii) of Theorem 3.3 and from the definition of the set A4, according 
to which, for each e > 0, there is a number Cg > 1 such that cjH"^ < (f{t) < c^t^ ior t > 1. 
Inclusions (3.2) mean that, in the collection of the spaces 

(3.3) {H^'^^iW) ■.seR,ipeM}, 

the function parameter ip refines the basic (power) s-smoothness. Therefore it is natural to 
give the following definition. 

Definition 3.4. The collection of function spaces (3.3) is called a refined scale over (with 
respect to the Sobolev scale). 

Besides the properties inherent to the Hormander spaces [30, Sec. 2.2 ], [31, Sec. 10.1] and 
the Volevich-Paneah spaces [32, Ch. I, II], [33, Sec. 1.4], the refined scale over R" possesses 
the following fundamental interpolation property: 

Theorem 3.4. Let a function cp G A4 and positive numbers e, S be given. Let "^^it) :— 
f s/(£+s) (^(^^i/(£+'5)) fQj' t > 1 and ip{t) :— ip{l) for < t < 1. Then the following assertions are 
true: 

(i) The function ip belongs to the set B and is an interpolation parameter. 

(ii) For an arbitrary s G R, the equality of spaces 

[H'-%W),H'+\W)\^ = //^'^(R'^) 
and equality of norms in them hold. 
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Proof. Assertion (i). By virtue of assertions (ii), (iv) of Theorem 3.3, the function ip belongs 
to the set B and is a function regular varying at +00 with the index 9 = e/{e + 6) G (0, 1). 
Therefore ijj is an interpolation parameter because of Theorem 3.2. Assertion (i) is proved. 

Assertion (ii). Let s e M. It follows from the properties of the Sobolev spaces that 
the couple [i7*~^(R"), is admissible and the pseudodifferential operator with sym- 

bol {^)^~^^ is a generating operator J for this couple. Applying the Fourier transform 
T : H^~^(W^) L2(]R", {O'^^^^^^d^)^ reduce the operator J to the form of multiplica- 
tion by the function (^)^^^ of G R". Hence, the operator ip{J) is reduced to the form of 
multiplication by the function — iO^^'iiO)- This permits us to write the following 

in view of (3.2): 

In addition the norm in the space [H'-'{R''),H'+^{R'')]^ is equal to 

iiv^(j)u||^.-e(M.) = mMiO) uiono'^'-'^ d^ 

Assertion (ii) is proved. □ 

3.3. A refined scale over a closed manifold. Further let F be a closed (that is compact 
and without a boundary) infinitely smooth manifold of dimension n. We suppose that a 
certain C°°-density dx is defined on F. We denote by D'(F) the linear topological space of all 
distributions on F. Thus I>'(F) is the space antidual to the space C°°(F) with respect to the 
natural extension of the scalar product in L2{T,dx) —: -^2(r) by continuity. This extension 
is denoted by (/, u;)r for / G V'{r), w G C°°(F). 

The refined scale over the manifold F is constructed from scale (3.3) in the following way. We 
choose a finite atlas from the C°°-structure on F consisting of the local charts aj : •«-> Uj, 
j — 1, . . . ,r. Here the open sets Uj form the finite covering of the manifold F. Let functions 
Xj G C°°(T), j = 1, . . . ,r, form a partition of unity on F satisfying the condition suppxj C Uj. 
As before, s G M, G A4. 

Definition 3.5. We denote by H^''^{T) the space of all distributions / G ^''(F) such that 
iXjf) ° Cij £ -ff*''^(M") for each j = 1, . . . ,r. Here (Xjf) ° % is the representation of the 
distribution Xjf in the local chart aj. The inner product in the space i7*''^(F) is defined by 
the formula 

r 

and induces the norm in the usual way. 

Definition 3.6. The collection of function spaces {H^'^PiV) : s G M, G M} is called a 
refined scale over the closed manifold F. 
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In the particular case where ip = 1 the space H''^''^{r) coincides with the Sobolev space 
H'^(r). Sobolev spaces are known [30, Sec. 2.6], [34, Sec. 7.5] to be complete and independent 
(up to equivalence of norms) of the choice of the atlas and the partition of unity. We will 
show that every space H^''^(r) can be obtained by the interpolation of the proper couple of 
Sobolev's spaces. It implies that the space H^''^(r) is Hilbert and independent of this choice. 

Theorem 3.5. Let a function ip E Ai and positive numbers e, 5 be given. Then, for each 
s e R, the equality of spaces 

(3.4) [H'-'{T), H'+\T)]^ = H'^'^iV) with equivalence of norms 
hold. Here ip is the interpolation parameter from Theorem 3.4. 

Proof. The couple of the Sobolev spaces on the left-hand side of equality (3.4) is admissible 
[34, Sec. 7.5, 7.6]. We deduce this equality from Theorem 3.4 with the help of the well known 
method of "rectification" and "sewing" of the manifold F. According to Definition 3.5, the 
linear mapping of "rectification" 

T: /^((xi/)oai,...,(x./)oa,), / e P'(r), 
defines the isometric operators 

(3.5) T : H^iV) {H''{W))\ a e R, 



(3.6) T : W'^^iT) (i/^'^(R"))''. 

Since ijj is the interpolation parameter and operators (3.5) are bounded for o" e {s — £, s + (5}, 
the bounded operator 

(3.7) T : [H^-%T),H^+\T)\^ ^ [(i^-^(R"))^ {H^+\W)y]^ 

exists. By virtue of Theorems 2.5, 3.4, the following equalities of spaces and norms in them 
are true: 

(3.8) [{H'-'{W)y, {H'+\W)y]^ = [H'-'{W),H'+\W)]^y = {H''^{W)Y. 

Thus, since operator (3.7) is bounded, so is the operator 

(3.9) T : [H'-%r),H'+\r)]^ {H'''^{W)y. 

Now we construct for T the left inverse operator K of "sewing" of the manifold F. For 
each J = 1, . . . , r we take a function rjj e C^{W^) such that r)j = 1 on the set Q;~^(suppXj). 
Let us consider the linear mapping 

r 

K : (/ii, . . . , /i,) ^ 5^ e, {{rijhj) o af) , hi,...,hre S'{R^). 

Here {rjjhj) o aj^ is a distribution in the open set Uj C F such that its representative in the 
local map aj has the form rjjhj. In addition, 0^ denotes the operator of extension by zero 
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from Uj to r. This operator is well defined on distributions with support belonging to Uj. 
By the choice of the functions Xj, rjj, we have 

r r r 

KTf = J2 0. {iVj iiXjf) o a,)) o a-') = J] 6, ( (x,/) o a, o aj') = Xjf = /, 

j=l j=l 3=1 

that is 

(3.10) KTf^f for each / e P'(r). 

Let us show that the linear mapping K defines the bounded operator 

(3.11) K : (i/^'<^(M"))^ ^ H'-^^{T). 

For an arbitrary vector h — {hi, ... , hr) from the space (i7*''^(M"))'', we write 



l^^ll^^.^r) = lite ° «i||^.,^(Rn) = 5^ II (xz J2 ^jii'ljhj) o a. 1)) o 



ai 



1=1 1=1 j=i 



TV TV 

i=i i=i ^ 1=1 j=i 

Here ^^^y := (x; o aj)rij G Co^(M") and /^^y : M" ^ M" is a C°°-diffeomorphism such that 
Pj^i = aj^oai in a neighborhood of suppr/^^/ and Pj,i{x) = x for all x e sufficiently large in 
modulus. The operator of multiplication by a function of the class C^(R") and the operator 
of change of variables u ^ uo fSji are known [35, Theorems B.1.7, B.1.8] to be bounded on 
every space H'^iW') with cr e M. Therefore the linear operator v >—>■ {rjj^iv) o /^^ ; is bounded 
on the space if^(R"). Then boundedness of this operator in the space i?*''^(M") follows by 
Theorem 3.3. Hence relations (3.12) imply the estimate 

l|-^^llif''.v(r) - ^ E ll^.j|lif'''¥'(R")' 
j=i 

where the constant c > is independent oih = {hi, . . . , hr). Thus, operator (3.11) is bounded 
for each s eR, (p e M. 

In particular, the operators K : {H'^{W^)Y H'^{r) with cr G R are bounded. Let us set 
(7 E {s — e, s + 8} and use the interpolation with the parameter ■0. Due to equality (3.8), we 
obtain the bounded operator 

(3.13) K : {H'^'^{W)y ^ [H'-'{T), H'+\T)\^. 

Now formulae (3.6), (3.13) and (3.10) imply that the identity mapping KT establishes the 
continuous imbedding of the space H^^'-'^iV) into the interpolation space [H^~^{T), if*+^(r)]^. 
Moreover, formulae (3.10) and (3.13) imply that the same mapping KT establishes also the 
inverse continuous imbedding. Theorem 3.5 is proved. □ 

The following properties of the refined scale over the manifold V can be deduced from 
Theorem 3.5 and the interpolation properties established in Section 2. 

Theorem 3.6. Let s e R and ip,(pi E A4. The following assertions are true: 
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(i) The space H''^''^{r) is Hilbert separable and does not depend (up to equivalence of 
norms) on the choice of an atlas for V and partition of unity used in Definition 3.5. 

(ii) The set C°°(r) is dense m the space H'''p{V). 

(iii) For each £ > 0, the compact and dense imbedding if*+^''^i(r) ^ H^''^{V) holds. 

(iv) Suppose that the function v^/v^i is bounded in a neighborhood of +oo. Then continuous 
dense imbedding i?*+'^'^i(r) H^''^{r) is valid. It is compact if (f{t) / ipi{t) as 

t +00. 

(v) The spaces H^''^(r) and H~^'^/^{V) are mutually dual (up to equivalence of norms) 
with respect to the extension of the inner product in L2{V) by continuity. 

Proof. Assertion (i). The space i7*'^(r) is Hilbert and separable because, according to The- 
orem 3.5, this space is obtained by the interpolation of a certain couple of the Sobolev 
spaces. Let us consider two couples Ai and A2 each of which consists of an atlas and a 
partition of unity on V. We denote by H'^''^(V , Aj) and H''(V,Aj) respectively the spaces 
from the refined scale and the Sobolev spaces which correspond to the couple Aj, where 
j — 1, 2. For the Sobolev spaces, the identity mapping establishes the topological isomor- 
phism I : H'^iV^Ai) i?'^(r,.4.2) for each u G ffi. Let us set cr = s ^ 1 and use the 
interpolation with the parameter ip from Theorem 3.4. By Theorem 3.5 we arrive at the 
topological isomorphism / : H''''^{T,Ai) ^ i7*''^(r, ^2)- It means that the space H''''^{T) is 
independent of the choice of an atlas and a unity partition mentioned above. Assertion (i) is 
proved. 

Assertion (ii). By virtue of Theorems 2.1 and 3.5, we have the continuous dense imbedding 
H'+\T) ^ i/*'^(r). Besides, the set C~(r) is dense in the Sobolev space H'+\T) [34, 
Proposition 7.4]. These two facts imply assertion (ii). 

Assertion (iii). Assume that £ > 0. By Theorem 3.5, there exist interpolation parameters 
X, ^/ G B such that the following equalities of spaces with equivalence of norms in them is 
true: 

[H'+''^{V),H'^^%V)\^ = ^3+s,¥'i(r) and [H'-%V), H'+''^{V)\^ = H'^'^iV). 
It implies by Theorem 2.1 the next chain of continuous imbeddings 

Here the central imbedding of Sobolev spaces is compact [34, Theorem 7.4]. Therefore the 
imbedding if^+^''^i(r) ^ i7*''^(r) is compact as well. This imbedding is dense because of 
assertion (ii). Assertion (iii) is proved. 

Assertion (iv). Let us assume that the function (p/(pi is bounded in a neighborhood of 
-|-oo. By Theorem 3.5, we have the following equalities of spaces with equivalence of norms 
in them: 

[H^-\r),H^+\r)]^ = //^'^(r) and [H^-\r),H^+\T)]^^ = z/^'^nn- 

Here the interpolation parameters & B satisfy the condition 

m/Mt) = v{t'^')/Mt'/') for t>l. 

Hence, the function ip/ipi is bounded in a neighborhood of -|-oo that, by Theorem 2.2, implies 
the continuous dense imbedding i?*''^i(r) ^ H^''^{r). Now suppose that Lp{t)/tpi{t) — > as 
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t +00. It implies the limit ip{t)/ilji{t) as t — +00. In addition, we recall that the 
imbedding of Sobolev spaces H^^^{r) ^ H'^~^{r) is compact. It follows by Theorem 2.2 that 
the imbedding H^''^^{r) ^ i7*''^(r) is compact as well. Assertion (iv) is proved. 

Assertion (v) is known (see e.g. [34, Theorem 7.7]) in the case (p = 1. From this the 
case of an arbitrary ip E Ai can be obtained as follows. First we note that l/p E M. and 
therefore the space H-^^yv(T) is well defined. The Sobolev spaces H^^-^ir) and H ''^^(F) are 
mutually dual with respect to the extension of the inner product in L2{T) by continuity. This 
means that the linear mapping Q : w ^ {■ ,w)r, w e C°°(F), is extended by continuity to the 
topological isomorphisms Q : H^^^iT) (if~''='=^(r))'. Let us apply to them the interpolation 
with the parameter ip from Theorem 3.5 in the case where £ — 5 — 1. We obtain one more 
topological isomorphism 

(3.14) Q : [H^-\r),H^+\r)]^ ^ [(i/-+i(r))', (i^— ^(F))']^ . 

Here the left-hand interpolation space equals to H^''^(r) and, by Theorem 2.4, the right-hand 
one can be written as 

[(/7-+^(F))', (//-^-^(F))% = [H-^-\r), H-^+\r)]'^ = (i/-'V.(F))'. 

Let us note that the last equality is valid because x{t) '■— t/ip^t) — t^^'^ / ip{t^^'^) for i > 1. Thus, 

(3.14) implies the topological isomorphism Q : H^''^{T) •«->■ {H~^'^/'^{T)y , which means the 
mutual duality of the spaces H''^{r) and ii'-^'V^(F) in the sense mentioned above. Assertion 
(v) is proved. □ 

The refined scale is closed with respect to the interpolation with a function parameter 
regular varying at +00. 

Theorem 3.7. Let sq, si G M, sq < si and po, pi E M.. In the case where sq = si we suppose 
that the function (fo/^pi is bounded in a neighborhood of +00. Leti/j E B be a function regularly 
varying at +00 with the index 6, where < 6 < 1. By Theorem 3.2, ijj is an interpolation 
parameter. We represent it as ip{t) — t^x^t) with x £ QSV. Let us set s :— {1 — 9)so + 9si 
and 

^{t) - ipl-\t) ^'iit) X {t''-'°Mt)/Mt)) for t > 1. 

Then ip E A4 and 

[^so,cpo(r), H''''^'{r) ]^ = //"'^(F) with equivalence of norms. 

Proof. This theorem is a direct consequence of Theorems 3.5 and 2.3. □ 

Remark 3.1. Theorem 3.7 is true in the limiting case where ^ = or ^ = 1 under additional 
supposition that the function is quasiconcave in a neighborhood of +00. Then, by Theo- 
rem 2.7, is an interpolation parameter. For example, Theorem 3.7 is true for each of the 
functions ip(t) := In'' t and ip{t) := t/ hf t, where t ^ 1 and r > 0. 

3.4. An alternative definition of the refined scale. Let A be an elliptic pseudodifferential 
operator on F of order m > 0. We suppose that the operator A : C°°(F) — > C°°(F) is positive 
on the space L2{T), that is there exists a number r > such that 

(3.15) {Lu, u)r > r {u, u)r for each u e C^(F). 



20 



V. A. MIKHAILETS, A. A. MURACH 



In the present subsection, ( ■ , ■ )r is the inner product in L2{T). 

We denote by Aq the closure of the operator A : C°°{r) C°°{T) on the space L2{T). 
This closure exists and has the domain H'^{T) because the operator A is elliptic on F [34, 
Corollary 8.3], [36, Theorem 2.3.5]. The pseudodifferential operator A is formally self-adjoint 
due to condition (3.15). Hence [34, Theorem 8.3], [36, Theorem 2.3.7], Aq is an unbounded 
self-adjoint operator in the space L2{T) with SpccAo C [r, -|-oo). In particular, we have 
^ SpecAo, that implies the topological isomorphism 

(3.16) A : i/^+'"'^(r) ^ H'^'PiV) for each s G M, <^ G 

In the Sobolev case where ip = 1 this result is well known (see e.g. [34, Theorem 8.1, 
Proposition 8.5], [35, Theorem 19.2.1], [36, Sec. 2.3]). The general case of an arbitrary 
</? e follows immediately from the case (/? = 1 by virtue of Theorem 3.5. 

Let s e R and G A1. We set ips{t) := t"/"*(^(tV"») for t > 1 and, moreover, ips{t) := ^(1) 
for < t < 1, Since the function ip is positive and Borel measurable on the semiaxis (0, +oo), 
a self-adjoint operator iPs{Aq) is well-defined in the space L2{T) as the function ip of ^40. 

Lemma 3.1. The following assertions are true. 

(i) The domain of the operator Psi^o) contains the set C°°(r). 

(ii) The mapping 

(3.17) / ^ ||^.(Ao)/|U,(r), / G C-(r), 
is a norm in the space C°°(r). 

Proof. Assertion (i). Let us choose an integer k so that k > s/m. Since </? G Al, the function 
Ps is bounded on every compact subset of the semiaxis (0, +oo) and, moreover, t^^psif) 
as t ^ +CXO because of assertions (ii), (iv) of Theorem 3.3. Hence, there is a number c > 
such that Ps{t) < ct'^ for t > r. Let us consider the unbounded operator Aq on the space 
L2(r). Since A : C°°(r) C°°(r), we can write C°°(r) C DomAg C Domp,{Ao). Assertion 
(i) is proved. 

Assertion (ii). According to assertion (i), mapping (3.17) is well-defined. For this mapping, 
all norm properties are evident except for the positive definiteness property. Let us prove it. 
Applying the spectral theorem, we can write for an arbitrary function / G C°°(T): 

(3.18) ||<^,(A)/||l^(r) = / ^l{t)d{E,f,f)r and ||/||l^(r) = / WJV 

J r J r 

Here Et, i > r, is the resolution of identity in the space L2{V) which corresponds to the 
self-adjoint operator ^40. If ||</?s(^o)/||i2(r) — 0; ^^en from the first equality in (3.18) and 
from the inequality > it follows that the measure {E{-)f, /)r of the set [r, -|-oo) is equal 
to 0. Now the second equality in (3.18) implies that / = on F. Assertion (ii) is proved. □ 

Definition 3.7. The space H^J^iV) is a completion of the space C°°(F) with respect to norm 
(3.17). 

The space if^''^(F) is Hilbert one because norm (3.17) is generated by the inner product 
{ps{AQ)f,ps{AQ)g)r of functions /,5 G C~(F). 
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Theorem 3.8. For arbitrary s G M, 99 G A4, the norms in the spaces H^'^iT) and H'^^'^iV) are 
equivalent on the dense linear manifold C°°(r). Thus, H^'^{T) = i7*''''(r) up to equivalence 
of norms. 

Proof. At first let us suppose that s > 0. We choose A; G N so that km > s. Since the operator 
Aq is closed and positive on L2{T), its domain DomAg is Hilbert space with respect to the 
inner product (^0/' ^o9')r of functions /, g. Note that the couple of spaces [L2(r), Dom Aq] is 
admissible, and the operator Aq is a generating one for it. Moreover, since Aq is a closure of 
the elliptic pseudodifferential operator A'' on L2{T), the spaces DomAg and H'^^iV) are equal 
up to equivalent norms. Let a function ip be the interpolation parameter from Theorems 3.3, 
3.4 with e — s and 5 — km — s. Then ip{t'') = (psit) for t > 0, so by Theorem 3.4 we can 
write 

[^[[^/^■•^(r) ^ ll'^ll[HO(r),H*=™(r)]^ ^ IUII[L2(r),DomAg]^ ^ ll''^("^o)/||L2(r) ^ ll'^«(^o)-^llL2(r)' 
for each / G C°°(r). 

Now let the number s G R be arbitrary. Choose A; G N so that s + km > 0. As has been 
proved, 

(3-19) ||5L.+.™,.(r) ^ ||<^.+fcm(A)^7L^(r)' 9 e C^{r). 

The following topological isomorphism holds due to (3.16) : 

(3.20) A'' : H''+''"'''^{r) ^ H''''^{r) for each cr G M. 

Denote by A''' the inverse operator to A''. For every function / G C°°(r), we have A~''f G 
C°°{r) and A!^A-''f = f. Hence, by virtue of (3.20), (3.19), we can write 

lUllif'-.^Cr) ^ 11^ ''f\\Hs+km,^(T) ^ lks+fem(^o)^ '"■^ILaCr) 

= ^.(^)4^-'=/|L,(r) = lk^(^o)/L,(r)' / e 
Theorem 3.8 is proved. □ 

Theorem 3.9. Let s > and Lp E M.. hi the case where s = Q we suppose that the function 
l/(p is bounded in a neighborhood of +00. Then the space H^''^{T) coincides with the domain 
of the operator (Ps{Aq) and the norm in the space H^'^'^iT) is equivalent to the graph norm of 
the operator (fs{Ao). 

Proof. The domain Domips{Ao) of the closed operator ips{Ao) is Hilbert space with respect 
to the scalar product of the graph of this operator. Let us prove that the norms in the spaces 
Domips{Ao) and if^''^(r) are equivalent on the dense linear manifold C°°(r). By Theorem 
3.8, it will imply the present theorem. According to the condition of the present theorem and 
by virtue of assertion (ii) of Theorem 3.3, there is a number c > such that fsit) > c for 
t>0. Therefore 

||¥^s(A)/L^(r) > c ||/||^^(^) for each / G C^{T). 

It yields the equivalence of norms mentioned above. It remains to prove the density of the 
set C°°(r) in the space Dom 995(^0)- 
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Let / G Dom(/9s(Ao). Since (/9^,(Ao)/ G i^2(r), there is a sequence of functions hj G C°^(r) 
such that hj ips{AQ)f in L2{V) j ^ oo. Note that the operator lp~^{Aq) is bounded on 
the space L2{T) because l/ips{t) < 1/c for t > 0. Hence, 

fj := (p~'^{Ao)hj f and ips{Ao)fj = hj ^siAo)f in ^2(1) as j 00. 

In other words, fj / with respect to the graph norm of the operator ipsiAo). Moreover, 
since hj G C°°(r), then fj = tIq V7^(^o)^o e i/'="'(r) for every G N. Consequently, 
/j G C°°(r) and the density of the set C°°(r) in the space Dom ips{Ao) is established. Theorem 
3.9 is proved. □ 

A significant example of the operator A investigated above is the operator 1 — Ap, where 
Ar is the Beltrami-Laplace operator on the Riemannian manifold F (then 171 — 2). 
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